Abstract. In this paper embeddings between weighted complementary local Morrey-type spaces c LM pθ,ω (R n , v) and weighted local Morrey-type spaces LM pθ,ω (R n , v) are characterized. In particular, two-sided estimates of the optimal constant c in the inequality (0,t) 
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Introduction
The classical Morrey spaces M p,λ ≡ M p,λ (R n ), were introduced by C. Morrey in [18] in order to study regularity questions which appear in the Calculus of Variations, and defined as follows: for 0 ≤ λ ≤ n and 1 ≤ p ≤ ∞, Note that M p,0 (R n ) = L ∞ (R n ) and M p,n (R n ) = L p (R n ). These spaces describe local regularity more precisely than Lebesgue spaces and appeared to be quite useful in the study of the local behavior of solutions to partial differential equations, a priori estimates and other topics in PDE (cf. [13] ).
The classical Morrey spaces were widely investigated during the last decades, including the study of classical operators of Harmonic and Real Analysis -maximal, singular and potential operators -in generalizations of these spaces (so-called Morrey-type spaces). The local Morrey-type spaces and the complementary local Morrey-type spaces introduced by Guliyev in his doctoral thesis [16] .
The local Morrey-type spaces LM pθ,ω and the complementary local Morrey-type spaces c LM pθ,ω were intensively studied during the last decades. The research mainly includes the study of the boundedness of classical operators in these spaces (see, for instance, [2] [3] [4] [5] [6] [7] [8] [9] [10] ), and the investigation of the functional-analytic properties of them and relation of these spaces with other known function spaces (see, for instance, [1, 11, 19] ). We refer the reader to the surveys [2] and [3] for a comprehensive discussion of the history of LM pθ,ω and c LM pθ,ω . Let A be any measurable subset of R n , n ≥ 1. By M(A) we denote the set of all measurable functions on A. The symbol M + (A) stands for the collection of all f ∈ M(A) which are non-negative on A. The family of all weight functions (also called just weights) on A, that is, measurable, positive and finite a.e. on A, is given by W(A).
For p ∈ (0, ∞], we define the functional · p,A on M(A) by
If w ∈ W(A), then the weighted Lebesgue space L p (w, A) is given by
are completely characterized in [19] .
Our principal goal in this paper is to investigate the embeddings between weighted complementary local Morreytype spaces and weighted local Morrey type spaces and vice versa, that is, the embeddings
An approach used in this paper consist of a duality argument combined with estimates of optimal constants of embeddings (1.3) -(1.6), which reduce the problem to the solutions of the iterated Hardy-type inequalities
where u, v, w are weights on (0, ∞) and 0 < p, q ≤ ∞, 1 < θ < ∞. There exists different solutions of these inequalities. We will use characterizations from [14] and [15] . Note that in view of Lemma 1.3, embeddings (1.7) -(1.8) contain embeddings (1.3) -(1.6) as a special case. Moreover, by the change of variables x = y/|y| 2 and t = 1/τ, it is easy to see that (1.8) is equivalent to the embedding
This note allows us to concentrate our attention on characterization of (1.7). On the negative side of things we have to admit that the duality approach works only in the case when, in (1.7) -(1.8), one has p 2 ≤ θ 2 . Unfortunately, in the case when p 2 > θ 2 the characterization of these embeddings remains open. In particular, we obtain two-sided estimates of the optimal constant c in the inequality
where p 1 , p 2 , q 1 , q 2 ∈ (0, ∞), p 2 ≤ q 2 and u 1 , u 2 and v 1 , v 2 are weights on (0, ∞) and R n , respectively. The paper is organized as follows. We start with formulations of our main results in Section 2. The proofs of the main results are presented in Section 3.
Statement of the main results
We adopt the following usual conventions. (ii) We put
(iii) To state our results we use the notation p → q for 0 < p, q ≤ ∞ defined by
and g is a monotone function on I, then by g(a) and g(b)
we mean the limits lim t→a+ g(t) and lim t→b− g(t), respectively.
Our main results are the following theorems. Throughout the paper we will denote To state further results we need the following definitions.
Definition 2.5. Let U be a continuous, strictly increasing function on [0, ∞) such that U(0) = 0 and lim t→∞ U(t) = ∞. Then we say that U is admissible.
Let U be an admissible function. We say that a function ϕ is U-quasiconcave if ϕ is equivalent to an increasing function on (0, ∞) and ϕ/U is equivalent to a decreasing function on (0, ∞). We say that a U-quasiconcave function ϕ is non-degenerate if
The family of non-degenerate U-quasiconcave functions is denoted by Q U . Definition 2.6. Let U be an admissible function, and let w be a non-negative measurable function on (0, ∞). We say that the function ϕ, defined by
is a fundamental function of w with respect to U. One will also say that w(τ) dτ is a representation measure of ϕ with respect to U.
Remark 2.7. Let ϕ be the fundamental function of w with respect to U. Assume that
Remark 2.8. Suppose that ϕ(x) < ∞ for all x ∈ (0, ∞), where ϕ is defined by
Ω θ 1 and ω 2 ∈ Ω θ 2 . Suppose that V is admissible and
Suppose that V is admissible and
Theorem 2.12. Let 0 < θ 1 , θ 2 < ∞ and
Proofs of main results
Before proceeding to the proof of our main results we recall the following integration in polar coordinates formula.
We denote the unit sphere {x ∈ R n : |x| = 1} in R n by S n−1 . If x ∈ R n \{0}, the polar coordinates of x are r = |x| ∈ (0, ∞),
There is a unique Borel measure σ = σ n−1 on S n−1 such that if f is Borel measurable on R n and
holds for all f ∈ M + (R n ). Let τ ∈ (0, ∞) and f ∈ M(R n ): supp f ⊂ B(0, τ). It is easy to see that
and
Combining (3.1) with (3.2), we can assert that
Since ω 1 ∈ c Ω θ 1 and ω 2 ∈ Ω θ 2 , we conclude that L p 1 (B(0, τ), v 1 ) ֒→ L p 2 (B(0, τ), v 2 ) , which is a contradiction.
The following lemma is true.
Proof. By duality, interchanging suprema, we have that
Applying Fubini's Theorem, we get that
Proof of Theorem 2.9. By Lemma 3.2, we have that applying [19, Theorem 4.2, (a) ], we obtain that
Using polar coordinates, we have that
Thus, we obtain that
Taking into account that 
(ii) if θ 2 < p 1 , then applying [14, Theorem 3.2, (ii)], we arrive at
The proof is completed. 
Assume first that p 1 ≤ θ 2 . On using the characterization of the boundedness of the operator H * in weighted Lebesgue spaces (see, for instance, [17, 20] ), we arrive at Consequently, the proof is completed in this case.
(ii) Let θ 2 < θ 1 . Using [14, Theorem 3.1, (ii)], we have that 
